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The importance of the Doppler effect of the recoiling intermediate nucleus in cas- 
cade decay, for an example, 29 Si, is emphasized in the precision measurement of the 
nuclear binding energy using a flat-crystal spectrometer. A more accurate exper- 
iment method that a large uncertainty due to the Doppler effect of the recoiling 
nucleus could be eliminated by a coincidence measurement of two successive 7-rays 
taken into account their angular correlation is suggested in the framework of rela- 
tivistic kinematics. It is also suggested that this method can apply to the nuclear 
lifetime measurement of intermediate states. 
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Nuclear binding energy is of great importance as shown in the first chapter of nuclear 
physics and it is indispensable for studying the structure of a nucleus. Recently binding 
energies are accurately measured by two kinds of method, one of them is a 7-ray measure- 
ment in a neutron capture reaction by using a flat-crystal spectrometer [1], and the other 
is the mass comparison of two different ions simultaneously confined in a Penning trap by 
measuring their cyclotron frequencies as. The comparison of the two experiments for 
29 Si and 33 S was reported in association with Einstein's famous formula E = mc 2 , and the 
systematic error associated with either measurement was given; the error on the comparison 
is currently dominated by the uncertainty on the 7-ray measurements [4J. It is also reported 
in Ref. |l| that the uncertainty for 29 Si can be shown from the significantly Doppler broad- 
ened 4934-keV profile, which decreases the accuracy with which the Bragg angle can be 
determined. The 4934-keV line is broadened by the Doppler effect, because it is emitted 
while the nucleus is recoiling following the emission of the 3539-keV line. 

In an accurate 7-ray measurement like the flat-crystal spectrometer, the importance of 
the Doppler effect caused by the incident neutron was pointed out in the determination of 
deuteron binding energy p]. So the effect was considered in Ref. but was reported 
to be negligible. It is evident that the Doppler effect in case of heavy nuclei does not so 
significant as in case of the deuteron [5|, because it depend on the reciprocal of the target 
mass. In cascade decay, however, the recoil velocity of the intermediate nucleus caused 
by the emission of the primary 7-ray is significantly large(39 km/s) for the 29 Si, and thus 
the Doppler shift of the secondary 7-ray energy is considerable (— 646.9 cos 9 eV) according 
to the direction of a measurement. If we were able to detect the secondary 7-ray at a 
specified angle, a precision measurement could be achieved. But the secondary 7-rays are 
measured from the sources which are in random motion, so that the spectrum of the 7-rays 
is broadened, because all the Doppler shifted 7-rays emitted from the sources are summed 
in the spectrum. They do not vanish as explained in Ref. To solve this problem in Ref. 
[lj], the number of measurements for the 4934-keV line is increased to 147 times, while the 
number of measurements for the 3539-keV line is only 42, since the statistic error is weighted 
by the inverse of the square root of the number of measurement. 

On the other hand, a coincidence measurement using angular correlation in cascade decay 
would be a good solution to the precision measurement jfj]. The secondary 7-ray has angular 
correlation with respect to the primary 7-ray, if the two 7-rays are simultaneously measured. 
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The most probable directions of the secondary 7-ray are parallel and anti-parallel with the 
direction of the primary 7-ray, and the Doppler shift of the secondary 7-ray is maximum 
at these angles. Therefore, the average value of the two energies of the Doppler shifted 
7-rays at angle and 180 is free from Doppler broadening caused by the recoil of the 
nucleus, and thus the profile of the shifted 7-ray might be even closer to a natural line 
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Laue-Lagnevin (ILL) high-flux reactor has a through beam tube 
perform a coincidence measurement. A difficulty may arise in this experiment, that is, the 
experimental run time should be increased. It can be a solution that increasing the amount 
of the target source can increase its activity within the allowed solid angle of the detector. 
Unfortunately, this problem is beyond the scope of our discussion, and our propose is to 
give a suggestion to improve a precision measurement from the Doppler effect and angular 
correlation in the framework of relativistic kinematics. A precision experiment taken into 
account the Doppler effect and angular correlation provides a measurement of the lifetime 
of intermediate states as well as a measurement of accurate binding energies, because the 
angle dependent measurements of the secondary 7-ray give the information of the attenuated 
velocity of the recoiling nucleus, and one can expect to see the secondary 7-ray profile which 
is comparable to the natural line width of an intermediate state. 

The binding energy for a neutron capture reaction is the mass difference between initial 
and final states as follows: 

m{n) + m{ A X) = m{ A+1 X) + S n , (1) 

where m means the mass of the particle in parentheses, A is an atomic number, and S n is 
the separation energy of a neutron or the binding energy of a neutron which is carried by 
7-rays and the nucleus. If it is a dominant channel that a single 7-ray is emitted in a neutron 



capture reaction, the problem is simple and has been already considered in Ref. {5]. In this 
letter we are interested in the decay with emitting two 7-rays successively which is the most 
probable channel. The excited state of Si is the shown in Fig. [1] and the values 

in parentheses are the number of 7-rays emitted per 100 neutron captures [Sj. This decay 
channel can be represented as a Feynman diagram shown in Fig. [2] and can be separated into 
two parts as Figs. EJ and HI The equation of the binding energy Eq. (CQ) is also separated 
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into two parts corresponding to the separated Feynman diagrams, respectively, as follows: 

m{n)+m{ A X) = m{ A+1 X*) + E bl , (2) 
m( A+1 X*)=m( A+1 X) + E b2 , (3) 
S n = Ebi + Eb2, (4) 

where asterisk means an intermediate state of the final nucleus, namely, an excited state of 
the final nucleus. 

Fig. [3] represents the neutron capture reaction 28 Si(n, 7) 29 Si* and the energy-momentum 
conservation law is given by 

m + M = E 1 + u 1 , (5) 
= p x + fci, (6) 

where m = m(n) and M = m( 28 Si). The energy-momentum relations of the final state are 
E\ = Pi + M 2 for the intermediate state of the silicon nucleus, and uf = k\ for the primary 
photon. It should be noted that the velocity of the center of mass for the neutron and the 
silicon system is only 114 m/s for the incident neutron flux energy 0.056 eV, while that for 
the neutron and the proton system is 1.6 km/ s as calculated in Ref. Hence the Doppler 
effect of the silicon nucleus due to the incident neutron is negligible (— 1.3 cos eV) so that 
it is not necessary to consider the kinetic energy of the incident neutron. 

Solving the equations of the energy-momentum conservation laws with respect to the 
primary photon energy and replacing the initial masses by the binding energy, one can 
obtain the binding energy of the intermediate nucleus as follows: 

E bl = uj 1 - M, + ^l + Ml^uj 1 + (7) 

which is reduced to the non-relativistic result that are usually used in the literature. Since the 
incident kinetic energy of the neutron is ignored, there is no Doppler effect in this equation. 
The last term in the above equation is the kinetic energy of the recoiling intermediate 
nucleus, and the velocity of it can be checked as follows: 

KE = l -M lV 2 mt = ^L, v mt 39km/s, (8) 

where the natural unit(ft = c = 1) is used in every equation throughout this letter, and thus 
the velocity in SI unit should be multiplied by the light velocity. 
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Since this velocity causes the secondary 7-ray to be shifted considerably, it is important 
to take into account the kinetic energy and momentum of the intermediate nucleus in calcu- 
lation. Hence the law of the energy-momentum conservation for the process shown in Fig. 
H] should be given by 

E 1 = E 2 + u 2 , (9) 
Pi = Pi + kl (10) 

where the energy- momentum relation of the ground state silicon nucleus is E\ = p 2 + M 2 , 
and that of the secondary photon is uj\ = k 2 . To specify the angle between two photons 
that is of importance in the Doppler effect and angular correlation, it is useful to show the 
following intermediate step: 

(E 1 - u 2 ) 2 = E 2 2 = Ml + (pi + k 2 2 - 2 Pl k 2 cos9), (11) 

where the direction of the primary photon is 9 = tt and the direction of the recoiling nucleus 
is 9 = 0. Solving the equation as the same way of the previous energy- momentum law, one 
can obtain the binding energy of the ground state of the silicon as follows: 



E b2 =u 2 -M 2 + y/M% + w| + 2u 2 {E bl - wi(l + cos 9)} 
_ u\ ujfu 2 u x u 2 

= u>2 -\ cos 9, 12 

2M 2 2M 1 M 2 M 2 K J 

where the second term is the kinetic energy due to recoil, the third term is negligible kinetic 

term, and the last term represents the Doppler effect as explained in Ref . j^] . This result is 

calculated in laboratory frame and is consistent with the result that is Lorentz transformed 

from the calculations in rest frame of 29 Si*. 

The total binding energy of the silicon is the sum of Eqs. (|7|) and f[T2"j) as follows: 

Sn = E bl + E b2 = u 1 + u 2 + — + — + ^^-—co S 9 

= 3538966.3(1.6) + 4933946.3(4.0) + 232.9 + 450.9 + 0.0 - 646.9 cos 9 eV. (13) 

If one is able to handle the angle in the secondary 7-ray measurement, the Doppler shifted 
7-ray is detected. Otherwise, all the shifted 7-rays reach the detector and appear in the 
spectrum as a broadened lineshape. The Doppler effect of the secondary 7-ray is so large 
that the precision measurement of the flat-crystal spectrometer can be questionable without 
considering the effect. Increasing the number of measurements may not reduce the error 



fundamentally. The angular correlation method which has long been established [6] can 
be applied to this cascade decay measurement to reduce the uncertainty broadened by the 
Doppler effect of the recoiling nucleus. Fig. [5] shows the idea of a coincidence measurement. 
If the two 7-rays are measured simultaneously, the secondary 7-ray has angular correlation 
in association with the primary 7-ray, namely, the distribution of the secondary 7-ray with 
respect to the primary 7-ray varies from angle to angle. 

Since the polarizations of the 7-rays are not observed and only directional correlation is 

nn 

observed, the angular correlation function |6|, H0[ is simply given by 

Irnax 

W{$) = APi(cos#), (14) 

l=even 

where Pi is the Legendre polynomial of order /. The coefficient for the transition of angular 
momentum states Ja^-Jb^ Jc with emitting photons of the angular momenta L\ and 
1/2 in order is given by 

A l = F t (L u J A , J B )F,(L 2 , J c , Jb), (15) 
F l = W(J B J A IL; LJ B )C l0 (LL), (16) 

where W{JbJaIL;LJ b ) is a Racah coefficient, and Ci (LL) oc (— l) i-1 (2L-|-l) < L, L, 1,— 1|Z0 > 
is known as the radiation parameter. The angle of the binding energy in Eq. f|T3|) is related 
with the angle in the correlation function as 9 = n — but it is not necessary to distinguish 
between the angles, because only even power of the Legendre polynomial contributes to 
the angular correlation function. For a simple example, if a dipole-dipole transition occurs 
through the nuclear states of J a = Jc — 0, and Jg = 1, the angular correlation function is 
W{d) = i§^(l + cos 2 If a dipole-dipole transition takes place through the nuclear states 
of J a = Jc — 1/2 ; and Jb = 3/2 as assigned from the 7-rays measurement in Ref. 9| and 
shown in Fig. HJ the angular correlation function is 

W(^) = J-(l + ^cos 2 ^). (17) 

One can see here that the secondary 7-ray has the most probable distribution at the angles 
9 = 0, or 7T, and it is shifted maximally according to Eq. ( JTBl because of the Doppler effect. 
The best coincidence measurement of the two 7-rays would be at the angle = ir, that is, 
the two 7-rays are radiating opposite each other. 
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However, there is a problem that the surrounding environment in which the recoiling nu- 
cleus is located is not a free space. Therefore, it is not sure that the shifted 7-ray at the angle 
9 = gives exact information on the binding energy. Moreover the surrounding environment 
varies from nucleus to nucleus. For an example, the velocities of the intermediate state of 
other nuclei 33 S and 36 C1 in Ref. jl| are greater than that of 29 Si, because their primary 7-ray 
energies are larger than that of 29 Si for their masses. However, there is no mention that the 
secondary 7-rays in the nuclei 33 S and 36 CI suffer from the Doppler broadening as in case 
of 29 Si. In general, the angular correlation of two 7-rays emitting successively is evident, 
when the lifetime of the intermediate state is sufficiently short [10J. The case also means 
that the Doppler effect is evident, because the recoil velocity of the intermediate nucleus is 
not much slowed down by interacting with the surrounding environment. Hence the lifetime 
of the intermediate state of 33 S and 36 C1 is much longer than that of 29 Si as shown from 
experimental data Uj. The velocity of these intermediate nuclei could be attenuated during 
their long lifetimes, and thus the Doppler broadening would be considerably reduced. This 
aspect also reflects in the branching ratio of the decay, that is, the number of 7-ray per 100 
neutron capture in Fig. 1 of Ref. Since the lifetime of the 29 Si intermediate nucleus is 
quite short, and it is likely that the velocity of the intermediate nucleus is a little slowed 
down. However it is not sufficiently satisfactory to extract the exact binding energy from 
the above single coincidence measurement at an angle. 



By using the Doppler broadening of the secondary 7-ray and the slowing down mechanism 
of the recoil nucleus, the lifetime of the intermediate state has been measured by the methods 



of the Doppler shift attenuation 12] and the gamma ray induced Doppler broadening 13 ]. 



In order to take into account the slowing down of the nucleus, these methods use several 
models, such as, the mean-free-path approach, molecular dynamics, and the phonon creation 
model. However, if a coincidence measurement with angular correlation is performed twice 
at angle 9 = and angle 9 = ir, one can measure the binding energy and the lifetime of the 
intermediate state quite simply. Though the velocity of the recoiling nucleus is attenuated 
by the slowing down process, the magnitude of the Doppler shifted secondary 7-ray energies 
can be exactly determined by the comparison of two coincidence measurements at angle 
9 = and n. The average value of the two shifted 7-ray energies is free from the Doppler 
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broadening and the slowing down mechanism of the recoiling nucleus as follows: 



Sn = ^{S n (9 = 0) + S n (6 
AE = ^{S n (9 = 0) - S n (6 



tt)} 



(18) 



where the first equation is the desired binding energy, and the second equation is the mag- 
nitude of the Doppler shift attenuated by the surrounding environment. If this magnitude 
is compared to the calculated value in Eq. ( !T3|) . one can extract the attenuated velocity of 
the recoiling nucleus which provides a lifetime in the Doppler shift attenuation method. A 
flat-crystal spectrometer could resolve the attenuated velocity, even though a short lifetime 
gives a little attenuation. Therefore, the uncertainty due to the nucleus recoil can be ruled 
out in the determination of the binding energy. In addition, since the line shape of the 
Doppler shifted 7-ray does not include the major broadening by the recoil of the nucleus 
but contains the minor broadening by the thermal motion in the lattice of the target, the 
decay width of the intermediate nucleus is much more comparable to the thermal broadened 
line shape. Hence, it is possible to compare the lifetime extracted from the magnitude of 
the Doppler shift with the thermal broadened linewidth which can be obtained from the 
classical Maxwell-Boltzman distribution by virtue of the modified Lorenzian shape used in 



In conclusion, the Doppler shift due to the velocity of the intermediate nucleus of 29 Si 
is so large that a precision measurement of the secondary 7-ray should take into account 
the Doppler effect. A coincidence measurement of two 7-rays with considering their angular 
correlation can reduce the uncertainty caused by the Doppler effect of the recoiling nucleus 
in the determination of binding energy. This improved binding energy measurement would 
lead to one step upgrade for the direct test of E = mc 2 |4j. If the measurement technique for 
cascade decay is developed, one can learn the more accurate information about the nuclear 
structure, for examples, accurate energy level, the lifetime of the nuclear intermediate state, 
and so on. 



Ref. (13 1 . 
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FIG. 1. Partial decay scheme for Si. The numbers in parentheses are the number of 7-rays per 
100 neutron captures [8(]. The spin and parity is referred to Ref. [9( 
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FIG. 2. Feynman diagram of neutron capture reaction 28 Si(n, 7, 7) 29 Si. 




FIG. 3. The first part of the neutron capture reaction 28 Si(n, 7, 7) 29 Si can be regarded as a neutron 
capture reaction 28 Si(n, 7) 29 Si* with emitting a single 7-ray. 




FIG. 4. The second part of the neutron capture reaction 28 Si(n, 7, 7) 29 Si can be regarded as a 
transition of an excited nucleus to the ground state with radiating a 7-ray . 
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FIG. 5. Schematic diagram of a coincidence measurement with considering the angular correlation 
of the two 7-rays. 



